optics, these nanometric devices enable near-to-far-field coupling (and vice-versa) of optical signals with unprecedented efficiency. This nanoscale control over the propagation and confinement of visible light has already found applications in areas completely different from the traditional wireless communications such as spectroscopy, 8 biosensing, 9 photovoltaics, 10 optoelectronics, 11 photodetection 12 and nonlinear optics. 13 Alike radio and microwave antennas, the electromagnetic response of nano-antennas is governed by their geometries and by the material properties of their components. 1 However, metals have a more complex description at visible frequencies, making the modelling and optimization of these nano-devices more challenging from a theoretical perspective. Hence, the analytical description of nano-antenna performance exists only for a few simple geometries, such as spheres, cylinders or cuboids. 14, 15 Very recently, a quasi-analytical treatment of more complex nanostructures has been developed using transformation optics, [16] [17] [18] [19] [20] a framework similar to conformal mapping [21] [22] [23] [24] but operating exactly at the level of Maxwell Equations. 25 Bow-tie nano-antennas are composed by two triangular-shaped metal nanoparticles facing against each other, connected at their apexes or separated by a nanometric gap. This is one of the most thoroughly investigated structures in the literature. Experimental and numerical reports have shown the suitability of this antenna and its variations for the implementation of optical receivers and transmitters. [26] [27] [28] [29] [30] [31] [32] [33] [34] Compared to the other geometries examined under transformation optics such as crescents and cylindrical dimers, 20 bow-tie nano-antennas promise stronger degree of field localization and enhancement. This benefits and it is indeed essential for a myriad of plasmonic applications; for instance, the stronger the local field, the brighter the fluorescence/harmonic-signal is or the larger the Rabi splitting of molecular resonance peaks is in hybrid metal-molecule/nonlinear-material scenarios. In this work, we extend the set of nano-antenna configurations with analytical treatment including a two-dimensional bow-tie geometry (presenting translational symmetry along one direction, as shown in Figure 1 ). We exploit transformation optics concepts to explain the dependence of the non-radiative decay spectra (ie., the power absorbed, P abs , by the bow-tie nanoantenna under dipole illumination 20, 35 ) on the bowtie geometrical parameters and to give physical insights on the coupling between oscillating classical line dipoles and the localized surface plasmon (LSP) modes supported by the bow-tie geometry. Figure 1a shows the general problem under consideration: the coupling between a line dipole (nanoemitter) with arbitrary orientation and a bow-tie nanoantenna made of silver (Ag). Notice that the tip of the bow-tie nanoantenna studied here is concave to facilitate the conformal mapping. The dipole is located on the x'-axis 1 nm away from the center of the bow-tie. This is indeed a more realistic situation than placing the dipole inside the gap, since nanometer-size gaps are in general inaccessible for nano-and micrometer-size emitters. The bow-tie is defined by the arm length, L 1 '+L 2 ' , the arm angle, ', and the gap between arms. The arm length along with the gap gives the total length of the bow-tie l'. We restrict the study to bow-tie geometries much smaller than the illumination wavelength to be within the realm of near-field (quasi-static) approximation. In this scenario, magnetic and electric fields are decoupled, and the latter can be fully described by an electrostatic potential satisfying Laplace's equation. For simplicity, the bow-tie geometries are embedded in vacuum, and the dielectric function of Ag is taken from Palik's experimental data (see the Methods section for more details of the numerical study). 36 The system can be qualitatively explained with a simple heuristic analysis. The radiation from the localized oscillating dipole (an atom or a quantum dot in an excited state, for instance) is coupled to the different LSP modes supported by the bow-tie nanoantennas. This pumped electromagnetic energy is eventually dissipated due to metal absorption, i.e., non-radiative damping. Given the sub-wavelength size of the bow-tie, radiation loss, i.e., radiative damping, is negligible. The strength of the coupling, and thus, the non-radiative damping, depends on the position of the dipole within the field distribution of the LSP modes. In general, the problem of finding the optimum set of parameters for a specific experiment is addressed by performing brute-force computations. An alternative to reduce the computational requirements is devising analytical solutions. In the next section we derive a conformal mapping solution for the bow-tie nanoantenna excited by a dipole. We transform the problem into a geometry that can be easily solved analytically, simplifying the calculation and analysis of the original problem.
RESULTS AND DISCUSSION

Theoretical analysis: Conformal mapping
The bow-tie can be transformed into the multi-slab geometry shown in Figure 1b by applying the following conformal transformation:
where z = x+iy and z' = x'+iy' are the spatial coordinates in the transformed and original frame, respectively. Through this conformal transformation, circular (radial) lines in the original geometry are mapped into vertical (horizontal) lines in the transformed frame. 16, 30 This transformation results in a multi-slab geometry with the dimensions of all metal slabs as L 1 +L 2 and  (= d 3 ) along the x-and yaxis, respectively. The original dipole is meanwhile converted into an array of dipoles with the same strength placed along the y-axis with a periodicity 2π, i.e.,
at (x = 0, y = 2m), where m is an integer. It is worth pointing out that a scenario involving a nanoantenna with three arms would be converted into a multi-slab geometry with an additional slab per period (see Supporting Information).
By looking at the multi-slab geometry, a qualitative and quantitative (detailed next) understanding of the LSP modes supported by the bow-tie nanoantenna can be achieved. As it is shown in Figure 1b the dipole array emission triggers surface plasmons propagating along both positive and negative directions of x in the multi-slab geometry; which are mapped into the plasmonic modes excited by the single emitter along both arms of the bow-tie nanoantenna.
Because of the finite length of the slab/bow-tie-arms, these surface plasmons are reflected back and forth between the two ends of the structure, forming a standing wave pattern that gives rise to the LSP modes. Hence, the continuous surface plasmon polariton spectrum of an infinite slab or bow-tie is converted into a finite set of discrete LSPs , characterized by the mode order n 37, 38 (see the Methods section and Supporting Information).
The 2D conformal transformation ensures that the material properties remain unchanged, unlike the 3D counterpart. [17] [18] [19] [20] In addition, it preserves the potential in each coordinate system: 37
where  and ' are the electrostatic potentials in the transformed and original frames, respectively. Therefore, the x' and y' components of the electric field distribution (E' x' and E' y' , respectively) in the original geometry can be directly deduced from eq 2 as: 38,39
Hence, by solving the problem in the multi-slab frame, the bow-tie scenario is solved straightforwardly. Notice that, in the multi-slab geometry, the field distribution along the y direction (E y ) actually represents the azimuthal component of the electric field (E' ' ) in the bowtie scenario, which can be calculated from the x' and y' components (eqs 3-4) as E' ' = E' x' sin(')+E' y' cos('), with ' = tan -1 (y'/x'). On the other hand, the field distribution along the x direction (E x ) is directly transformed into the radial component of the electric field in the original geometry (E' ' ), which can be obtained as E' ' = E' x' cos(')+E' y' sin('). From here on, the azimuthal and radial components will be used to represent the electric field distribution in the bow-tie nanoantennas here studied. The quantitative details of the analytical formulation to calculate the plasmonic response of the bow-tie nanoantenna is derived in the Methods section, where the problem is solved for the multi-slab geometry.
Non-radiative decay in the gap bow-tie nanoantenna
Since the energy is conserved in the transformation, the power dissipation is the same in both frames. Hence, the non-radiative decay of the nanoemitter can be deduced by calculating the power dissipated in the multi-slab geometry. This can be obtained by evaluating the electric field at the dipole position in the original frame, as follows:
where P nr is the non-radiative power emission, =2πc/ 0 is the angular frequency at the working wavelength  0 and c is the velocity of light in vacuum , p x and p y are the components of the dipole moment along the x and y directions, and s x E 1 and s y E 1 are the components of the electric field along x and y directions in the region where the dipole is placed (d 2 < y < d 1 ). Importantly, in our calculations, an intrinsic quantum yield equal to 1 is assumed for the nanoemitter, which allows identifying the non-radiative decay experienced by the emitter and the power absorbed by the bow-tie nanoantenna. 40 Moreover, note that as eq 5 is derived in the quasi-static approximation, the expression for the extincted power by a point dipole can be used to describe the nanoemitter non-radiative decay.
Plasmonic response of gap bow-tie nanoantennas
Changing the bow-tie arm angle
Let Γ 0 (ω) and Γ nr (ω) be the isolated dipole radiative rate and the non-radiative decay rate for the full system. Figure 2 renders the evolution of the non-radiative Purcell enhancement rate spectra Γ nr (ω)/Γ 0 (ω) (calculated as the ratio of the power absorbed by the nanoparticle P nr and the total power radiated by the isolated localized emitter P 0 , i.e., Γ nr (ω)/Γ 0 (ω) = P nr /P 0 ) 3,20,35 as a function of ' for a bow-tie nanoantenna with total length l'=20 nm and a normalized gap between both arms of 0.05l'. The analytical results are evaluated using eq 5 along with the power radiated by the dipole P 0 =(1/16)( 3 µ 0 )(|p| 2 ) with µ 0 the permeability of vacuum and |p| the magnitude of the dipole moment, respectively. The analytical results are compared with numerical calculations done with the commercial software Comsol Multiphysics (see the Methods section). The analytical results for the vertically oriented dipole case (Figure 2a ) show that the maximum of Γ nr (ω)/Γ 0 (ω) shifts from 698 nm to 394 nm when the angle ' varies from 5º to 45º. This peak originates from the first (n = 1) LSP mode supported by the bow-tie nanoantenna, as we show below through the field distribution inspection. Similarly, for a horizontal dipole, the first non-radiative peak due to the first LSP mode is blue-shifted from 650 nm to 337 nm, see Figure 2e . Although similar trends are observed in the full-wave simulations, there is an evident blue-shift between simulation results (Figure 2c ,g) and analytical calculations for both dipole orientations (Figure 2a Figure 3b ). Letting Γ r (ω) be the radiative decay rate for the full system, the simulation results of the radiative Purcell enhancement r  = Γ r (ω)/Γ 0 (ω) (calculated as the ratio of the power radiated by the system enclosed by the nanoparticle-dipole P r and P 0 ; Γ r (ω)/Γ 0 (ω) = P r /P 0 ) 3, 20, 35 are also shown in the same figure for completeness. Notice that it is consistently at least two orders of magnitude smaller than nr  , and thus negligible, as we assumed initially. A good quantitative agreement between analytical and numerical results is shown in Figure 3a ,b for the first non-radiative peak while the other peaks are slightly blueshifted, as expected from the above discussion on . An average blue-shift of 0.9% and 2% is observed between the simulation and analytical results for the peak associated to the n = 2 LSP mode for the bow-tie nanoantenna with ' = 5º for a vertical and horizontal dipole, respectively.
The simulation results of nr  and r  along with the absorption cross sections of the bow-tie nanoantennas under plane-wave illumination are shown in the Supporting Information. A snapshot of the field distribution for a bow-tie nanoantenna with ' = 5º is shown in Figure   5 for the first and second peak of nr  of each dipole orientation. For convenience, here we plot E' ' and E' ' for the vertical and horizontal dipole excitation, respectively. From these color plots we can clearly identify the mode order of the various LSPs. Under a vertical dipole illumination, the azimuthal field distribution at the first nr  peak has a null between the field maxima at the edges of each bow-tie arm (Figure 5a ). For the second peak (Figure 5b) , we have three antinodes and two nulls along the radial direction in each arm, which corresponds to the n = 2 LSP mode. On the other hand, for the case of a horizontally oriented emitter, two minima appear at both ends of each arm with an anti-node between them at the lowest nr  peak (Figure 5c ), which corresponds to the n = 1 LSP mode. At the second peak ( Figure 5d ) the field distribution can be linked to the n = 2 LSP mode as it has three nulls (one at the center and two at the extremes of each arms) and 2 maxima in between consecutive nulls. Notice that the electric field is stronger at the anti-nodes nearby the apex of the bow-ties, as expected from the spatial absorption profiles. Alternatively, the field distribution can be easily associated to standing wave patterns in the transformed frame, as it is elaborated in the Supporting Information. 
Changing the gap of the bow-tie nanoantenna
All the results discussed in the previous sections have been obtained considering bow-tie nanoantennas with varying '. We discuss next the influence of the gap size in the non-radiative spectra of two bow-tie nanoantennas with ' = 5º, for a fixed antenna length (l' = 20 nm). The Figure 6 ). For instance, nr  is larger for the n = 2 LSP mode for a normalized gap of 0.01l'. This shows that there are preferred positions to increase the transfer of energy from the radiative dipole source to the different LSP modes. In particular, for the case 0.01l', the vertical dipole is located at a field distribution null of the n = 1 LSP eigen-mode (not shown here). Hence the peak associated to this mode vanishes. For the case of a horizontal dipole (Figure 6b,d) the peak due to the n =1 LSP mode is blue-shifted from 769 nm to 697 nm when the normalized gap is increased from 0.01l' to 0.06l'. The two other non-radiative peaks (related to the n = 2 and n = 3 LSP modes, respectively) are also blue-shifted as the gap is increased. Here, the analytical nr  peaks due to second and third higher order mode are also blue-shifted from simulation results by an averaged percentage of 1.1% and 1.37%, respectively, for a vertical dipole, and 1.67% and 1.2% for an horizontal dipole. The blue-shift is smaller for a horizontal dipole because of the comparatively shorter phase correction applied to this configuration.
As it has been described before, depending of the angle ', gap, and orientation of the dipole, the localized emitter cannot transfer energy efficiently to the LSP modes (displayed as minima in the non-radiative Purcell enhancement). This phenomenon can be easily explained by looking at the multi-slab geometry. Let us then analyze the case of the bow-tie with ' = 5º illuminated with a horizontal dipole (Figure 6b ,d, analytical and simulation results, respectively). It can be observed that there is a range of gaps between 0.028l' to 0.038l' where the peak linked to the n = 3 LSP mode vanishes. To investigate in detail this feature, the nr  for this bow-tie nanoantenna using a horizontal dipole is shown in Figure 7a ,e for a normalized gap of 0.057l' and 0.035l', respectively (these panels have been extracted from the black dashed lines of Figure   6b ). For the case of a gap of 0.057l', Figure 7a shows that three peaks are present at 691 nm, 522 nm and 454 nm which are those related to the LSP modes with n = 1, 2 and 3, respectively. On the other hand, when the gap is 0.035l' (Figure 7e ) all peaks are red-shifted, as expected, to 721 nm, 556 nm and 433 nm. Nevertheless, the LSP mode with n = 3 at 433 nm almost disappears. This phenomenon can be explained by analyzing the fields in the transformed geometry, as follows: first, the analytical results of the normalized magnitude of the electric field distribution in the multi-slab geometry for the case of a gap of 0.057l' at the first, second and third peaks is shown in Figure 7b -d, respectively. The field distribution at these peaks corresponds to the field distribution of the LSP modes with n = 1, 2 and 3, respectively, as it has been explained before.
For the case of the first LSP mode (n = 1) the horizontal dipole (schematically shown as an horizontal green arrow) is placed close but not just at the node at -L 2 (i.e., the node in the standing wave pattern) of the field distribution; therefore, the dipole can couple to this LSP mode. However, for n = 2 ( Figure 7c ) the dipole is closer to the first node, where poorer transfer of energy between the dipole to the LSP is expected. Hence, a reduction of nr  takes place for this mode compared to the first one. Similar performance can be observed for n = 3. In this case, the dipole is even closer to the node compared with the first and second modes; therefore, the amplitude of the peak is reduced although it still appears in the spectrum. Now, let us analyze the case when the gap is 0.035l'. For this geometry, the normalized magnitude of the electric field at 721, 556 and 433 nm is shown in Figure 7f -h, respectively. As it can be observed in Figure 7h , the field distribution corresponds to the LSP mode with n = 3, as explained before. Moreover, it is shown that the horizontal dipole is exactly at the position where the distribution of the electric field has a node. Therefore, the electromagnetic energy released by the dipole does not couple efficiently to this LSP mode giving rise to a null in nr  . On the contrary, for the case of the first and second peaks (see Figure 7f ,g, respectively) the horizontal dipole is located at a more favorable position for energy transfer to the LSP modes than for the n = 3 LSP mode and the n = 1 and 2 LSP modes for 0.057l' gap; Hence, the non-radiative decay rate is higher for them.
CONCLUSIONS
In conclusion, an analytical solution for bow-tie nanoantennas based on conformal transformation in the quasi-static approximation has been rigorously derived. For situations beyond the quasi-static limit, one could explore the implementation of a radiative correction based on a fictitious absorbing dipole in the transformed space. 20, 38 The conformal transformation permits to convert the original problem of a bow-tie nanoantenna excited by a local dipole into a multi-slab geometry with an array of dipoles whose solution can be found analytically, and is also solution of the original bow-tie nanoantenna scenario. Our conformal mapping approach also enables us to describe in detail all the spectral features in the nonradiative Purcell enhancement of a nanoemitter placed in the vicinity of different bow-tie nanoantennas. These results should ease the design of bow-tie nanoantennas for multiple applications. In particular, it may hold promise to model analytically the dynamics of realistic strong coupling scenarios where localized surface plasmon modes interact with states linked to few-level emitters such as quantum dots or dye molecules.
METHODS
Multi-slab geometry mimicking the gap bow-tie nanoantenna
Here, the multi-slab geometry shown in Figure 1(b) is solved. Taking into account that the dimensions of the bow-tie nanoantenna are sufficiently smaller than the operational wavelength (l' <<   ), the near-field approximation can be used and thus, the electric field can be fully described by an electrostatic potential satisfying Laplace's equation. As it is known, in the multislab geometry shown in Figure 1(b) , it is possible to excite surface plasmon modes in both transversal and longitudinal directions, with their propagation along the xand yaxis, respectively. However, the interest here is focused in the derivation of the surface plasmon modes excited in the multi-slab geometry when L 1 + L 2 >> ; thereby, the contribution of the longitudinal LSP modes (i.e., those with phase variation along y) can be neglected and assume that the excited LSP modes are mainly due to the transversal modes (i.e., those with phase variation along x). Based on this, the electrostatic potentials outside and inside the metal strips in 
Where k is the wave vector of the transverse LSP modes calculated as k=(nπ-)/(L 1 +L 2 ) with n = 1, 2, 3,… representing the discrete transverse SP mode,  is the correction of phase applied to the bow-tie nanoantenna to take into account the complex reflection experienced by the surface plasmon waves at the extremes of the nanoparticle, A + and Aare the expansion coefficients of the incident potential, B + and Bare the coefficients related to the scattering potential in the region where the dipole is placed (d 2 < y < d 1 ), E + and Eare the coefficients of associated to the scattering potential in the region where a dipole is absent (d 2 + d 1 ) and C + , C -, D + and Dare those corresponding to the potential inside the metal strips (d 3 ). The coefficients associated with the incident potential can be obtained by expanding the dipole potential along the x direction using a Fourier transform:
where p y and p x are the components of the dipole moment along the x and y directions, respectively, and ε 0 is the permittivity in vacuum.
The other eight unknown coefficients B + , B -, C + , C -, D + , D -, E + and Ecan be solved by using the boundary conditions at each interface of Figure 1(b) . First, the condition of conservation of the parallel component of the electric field at the boundaries d 2 , d 2 +d 3 , d 1 and d 1 +2d 2 +2d 3 is applied, as follows:
Also, the condition of conservation of the normal component of the displacement field at the same boundaries as eqs 12-15 is applied, as follow: 
where ε is the permittivity of the metal used in the structure (Silver in this case). The solutions of the potentials in the real space for the region where there is (d 2 < y < d 1 ) and there is not a dipole (d 2 + d 1 ),  1 s and  2 s , respectively, can be then obtained by applying an inverse Fourier transform to the induced potentials: 
where  is defined as:
Finally, the x and y components of the electric field can be calculated by simply differentiating the potentials: 
The complete solution for each constant is not shown here due to their complexity; therefore the coefficients are used in order to reduce the equations of potentials and electric field. However, these solutions can be directly obtained either manually or using a mathematic software.
A similar mathematical derivation can be applied for a bow-tie nanoantenna composed of three arms. The corresponding results can be found in Supporting Information.
Numerical simulations
The numerical results are calculated using the commercial Finite Element Analysis software Comsol Multiphysics ® . The model of metal used in this work is Silver (Ag) modeled as a Drude-Lorentz function with the form ε r = ε  -( p 2 /(-i))+(ε l  l 2 )/( l 2 - 2 +2i l ); with ε  = 1.174, Drude plasma frequency  p = 13.697310 15 rad/s, Lorentz plasma frequency  l = 7.539810 15 rad/s, ε l = 1.69, Drude damping constant  = 30.5810 12 rad/s and Lorentz damping constant  l = 183910 12 rad/s. This function fits Palik's experimental data. 36 The bow tie antennas, with a total length of l' = 20 nm are immersed in a vacuum modeled as a two-dimensional square of 600 nm  600 nm. In order to reduce undesirable reflections from the system, scattering boundary conditions (i.e., perfectly matched layers) have been applied to the boundaries of the square of vacuum. The 2D TM point dipole used to illuminate the nanoantenna is modeled using two anti-parallel in-plane magnetic currents with a separation of 5 pm. Also, an extremely refined mesh has been used with a maximum and minimum mesh size of 2 nm and 3 pm, respectively for the box of vacuum. For the bow-tie nanoantennas, a refined mesh twice smaller than the mesh used for the box of vacuum is applied to ensure accurate results. For the systematic study shown in Figure 2c ,g, the non-radiative power was evaluated by simulating in a frequency range from 300
THz to 1000 THz with a step of 20 THz for the following range of angles of aperture of the antennas: from 5º to 15º with a step of 0.25º and from 15º to 25º with a step of 0.5º and from 25º to 45º with a step of 1º. This parametrical study was applied for both, vertically and horizontally polarized dipole. With these parameters, the estimated time to solve each simulation (i.e. for one angle of aperture of the antennas with one polarization) was in mean 90 minutes each.
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Supporting Information. Resonant condition and discrete distribution of the LSP modes as a function of the angle ' for both polarizations of the localized emitter is shown in Figure S1a .
The cut-off wavelength of the first 15 LSP modes for the bow-tie nanoantennas with an angle (') of 5º, 25º and 45º when a vertical and a horizontal dipole illuminates the bow-tie nanoantennas is shown in Figure S1b ,c, respectively. Numerical results of the non-radiative and radiative enhancements along with the absorption cross section for two bow-tie nanoantennas with ' = 5º and ' = 30º for both polarizations are shown in Figure S2 . Figure S3 illustrates the spatial absorption distribution for the bow-tie with ' = 30º. Description of the standing wave pattern in the transformed frame to support the reasoning revolving around Figure 5 . The nonradiative and radiative Purcell enhancement spectra along with the absorption cross section spectra for the bow-tie with ' = 30º and different polarization illumination are depicted in Figure S4 . The scenario comprising a line dipole (nanoemitter) with arbitrary orientation and a tripod nanoantenna made of silver along with the associated results for ' = 30º are reported in Figure S5 . "This material is available free of charge via the Internet at http://pubs.acs.org." 
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